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Abstract
The Weibull parametrization of the multiplicity distribution is used to describe the multi-
dimensional local fluctuations and genuine multiparticle correlations measured by OPAL in the
large statistics e+e− → Z0 → hadrons sample. The data are found to be well reproduced by the
Weibull model up to higher orders. The Weibull predictions are compared to the predictions by
the two other models, namely by the negative binomial and modified negative binomial distri-
butions which mostly failed to fit the data. The Weibull regularity, which is found to reproduce
the multiplicity distributions along with the genuine correlations, looks to be the optimal model
to describe the multiparticle production process.
1 Introduction
The understanding of multiparticle production in high-energy collisions is of high in-
eterest, as, on the one hand, its characteristics are immediate observables to provide
important information on strong interactions, while, on the other hand, this process still
faces difficulties in its complete understanding by the theory of strong interactions, Quan-
tum Chromodynamics (QCD). The multiplicity of hadrons produced in high-energy col-
lisions is one of the most straightforward measurements and provides a basic information
about the dynamics of multiparticle production. Whereas the full-multiplicity distribu-
tion is a global characteristics of the events and is influenced by the conservation laws, the
multiplicities averaged over the restricted phase-space regions (bins), or local multiplicity
fluctuations, are less affected by the global constraints. These fluctuations combine con-
tributions of multiparticle correlations which contain crucial information on the details of
multihadron production mechanisms [1, 2, 3, 4, 5].
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The local fluctuations have already attracted high interest and have been extensively
studied using the method of the normalized factorial moments [1, 3]. The moments were
proposed to extract the dynamical, non-Poissonian, fluctuations which were shown to
lead to the effect called intermittency [6]. The intermittency effect shows itself as an
increase of the factorial moments with decrease of the phase-space bin size (intermittency
scaling). The intermittency phenomenon has been searched for in all types of collisions
– from leptonic to nuclear ones – and it was observed to be a general feature of the
multiparticle production process. The characteristics of multihadron production such as
(multi)fractality (self-similarity) and different phase transition types associated with the
intermittency have been widely investigated [1, 2, 3, 4].
The dynamical fluctuations contain a contribution not only of correlations but also
from groups of uncorrelated particles. Then, the genuine correlations are mixed up in
the fluctuations preventing us to reveal the dynamical features of the particle production
process. To extract the genuine correlations, the method of the normalized factorial
cumulant moments (cumulants) needs to be applied [7]. The cumulants are constructed
from the q-particle (qth-order) cumulant correlation functions which vanish whenever
one of their arguments becomes independent of the others [8], so that they measure
the genuine correlations. The factorial cumulants remove the influence of the statistical
component of the correlations in the same way as the factorial moments do. Employing an
advantage of the method to search for many-particle correlations, the studies of the high-
order (q ≥ 4) genuine correlations have been performed in different types of collisions and
reveal important features [1, 2, 3]. For example, the studies showed that the correlations
in nuclear collisions are limited by the two-particle correlations while in e+e− annihilations
the important role of the higher-order correlations are obtained, the explanation of which
was found in the many-source dilution effect [9]. It was also observed [1] that Monte
Carlo models which reproduce well the single-particle distributions, fail to describe the
measurements of the factorial moments and cumulants.
A general belief is that the local fluctuations stem from a generalized random cascade
process involved in the particle production [10] or from branching processes in jet forma-
tion [11]. This is why one would expect the intermittency scaling of the moments (and
cumulants) in e+e− annihilation to be reproduced by the models based on the QCD parton
shower with its inherent self-similarity. Being a sequential branching process, the parton
cascade forms an integral part of the perturbative phase and it was also considered to
play a significant role in the multiparticle production in e+e− interactions. However, the
QCD-based calculations are found to deviate from the measurements [12, 13] indicating
a possible contribution of additional mechanisms to the transition from the perturbative
partonic phase to the observed hadrons. Indeed, the Monte Carlo studies demonstrate
[1] that the intermittency scaling manifesting itself at the level of the partonic shower is
much weaker than that at the hadronic stage or is smeared out by the hadronization.
The branching feature of the intermittency has earlier been employed [14] by applying
different parametrizations of the multiplicity distributions to the factorial and cumulant
moments, measured by OPAL [15] in the high-statistics e+e− annihilation data sample.
The parametrizations which are most popular in multiparticle high-energy physics have
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been used, namely, the negative binomial (NB) distribution, its modified (MNB) and
generalized forms, the log-normal (LN) distribution and the model pure-birth process
with immigration (PB). Special attention has been devoted to the high-order cumulants
(q up to 5), the only higher-order cumulants measured at LEP. It is found that the LN
and PB parametrizations fail to describe the data, overestimating or underestimating the
measurements, respectively. The NB and MNB distributions are found to underestimate
the data starting from the intermediate-size bins with the MNB spectra found to be closer
to the measurements. The generalized NB distribution is found to show quite a complex
behaviour due to different possible fitting areas of its two parameters, while demonstrates
the behaviour similar to the NB and LN to which it reduces for special values of the
parameters. Let us stress that the NB, LN and PB parametrizations are based on one
parameter which is obtained from the second-order moments. That is, all the higher-
order moments are based on the two-particle correlations and, therefore, the deviations
of the predictions indicate the presence and importance of high-order correlations. This
confirms the conclusion made in the measurements [15] by using the expansion of factorial
moments by cumulants truncated to lower-order terms. The MNB has three parameters
connected by a condition. In this case, the parameters were obtained from the second and
third order moments, while the predictions were found to underestimate the higher-order
moments indicating the inherent high-order correlations in the data.
The parametrizations considered in [14] are known to fail to describe the data on
the full-phase-space multiplicity distribution with increasing energy, and the correlation
study [14] elucidates a reason of this failure. For example, the discrepancy between the
measured high-order correlations and the corresponding NB predictions [14, 16] points
at an inadequacy of the single-NB to describe high-multiplicity tails in the multiplicity
distribution, so, the high-order fluctuations. This would explain a need for a combination
of two or more NB regularities [17] or its modification [18] and generalizations [19] to
reproduce the multiplicity spectra (see [1, 5, 20] for reviews).
In this paper, we apply the Weibull parametrization of the multiplicity distribution.
The Weibull distribution [21] is known to be a natural outcome of complex processes
where cascading and sequential branching were involved [22]. In this sense, one would
expect the Weibull distribution to be a natural candidate to describe the trend of the
intermittency scaling. Moreover, in contrast to the parametrizations studied in [14], the
Weibull regularity has been found [23] to describe well the multiplicity distributions in
different types of collisions and at different energies. Recently, it was observed that the
Weibull model is extremely successful in characterizing the multiplicity distributions (in
the full phase-space and in its central rapidity intervals) up to the top LEP energies
in e+e− annihilations [24] and up to the TeV LHC energies in hadronic collisions [25].
Interestingly, the Weibull distribution is shown [24] to bridge the multiplicity distributions
in e+e− and pp¯ interactions pointing at the multiparticle production universality as the
dissipating effective-energy approach [26] considers it.
3
2 Weibull distribution, normalized factorial moments
and cumulants
The Weibull distribution is a two-parameter distribution of a random variable n,
P (n, λ, ν) =
ν nν−1
λν
exp
[
−
(n
λ
)ν ]
with the scale parameter ν > 0 and the shape parameter λ > 0, and the mean
〈n〉 = λΓ
(
1 +
1
ν
)
.
Here Γ denotes the gamma function. The Weibull distribution reduces to the exponential
distribution for ν = 1 and to the Rayleigh distribution for ν = 2.
For the normalized factorial moments, Fq = 〈n(n− 1) · · · (n− q + 1)〉/〈n〉
q, one finds:
F2 =
1
λ2 Γ
(
1 + 1
ν
)2
{
−λΓ
(
1 +
1
ν
)
+ λ2 Γ
(
1 +
2
ν
)}
,
F3 =
1
λ3 Γ
(
1 + 1
ν
)3
{
2 λΓ
(
1 +
1
ν
)
− 3 λ2 Γ
(
1 +
2
ν
)
+ λ3 Γ
(
1 +
3
ν
)}
,
F4 =
1
λ4 Γ
(
1 + 1
ν
)4
{
−6λΓ
(
1 +
1
ν
)
+ 11λ2 Γ
(
1 +
2
ν
)
− 6λ3 Γ
(
1 +
3
ν
)
+λ4 Γ
(
1 +
4
ν
)}
,
F5 =
1
λ5 Γ
(
1 + 1
ν
)5
{
24λΓ
(
1 +
1
ν
)
− 50λ2 Γ
(
1 +
2
ν
)
+ 35λ3 Γ
(
1 +
3
ν
)
−10λ4 Γ
(
1 +
4
ν
)
+ λ5 Γ
(
1 +
5
ν
)}
, etc. (1)
The factorial moments Fq are related to the cumulants Kq through the identities [1]
(see also [2, 3, 5])
Fq =
q−1∑
m=0
(
q − 1
m
)
Kq−m Fm ,
with F0 = F1 = K1 = 1. For the first few orders the relations read
F2 = K2 + 1 ,
F3 = K3 + 3K2 + 1 ,
F4 = K4 + 4K3 + 3K
2
2 + 6K2 + 1 ,
F5 = K5 + 5K4 + 10K3K2 + 10K3 + 15K
2
2 + 10K2 + 1 . (2)
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Figure 1: The normalized factorial moments of order q = 4 and 5 as a function of M1/D ,
where M is the number of bins of the D-dimensional subspaces of the phase space of
rapidity, azimuthal angle, and logarithm of transverse momentum, in comparison with
the predictions of the Weibull, negative binomial (NB) and modified negative binomial
(MNB) multiplicity parametrizations. The data are taken from [15]. The NB and MNB
predictions are as in [14].
Calculating cumulants Kq one extracts the genuine q-particle correlations. Note that
thanks to the high statistics of the OPAL data, the uniformity of the measured single-
particle distributions and the corrections made in [15], the translation invariance of the
densities [27] is accounted for in the multiplicative terms in the expansions (2).
3 Comparison with measurements and discussion
Figures 1 and 2 show the normalized factorial moments and the normalized factorial
cumulants, respectively, of the order q > 3 measured by OPAL [15] in e+e− annihilations
and compared to a few parametrizations (lines). The moments are represented in one-,
two- and three dimensions of the phase space of rapidity y, logarithm of the transverse
momentum pT and azimuthal angle Φ, calculated with respect to the sphericity axis. In
addition to the Weibull predictions, the NB and MNB calculations from [14] are also
given.
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Figure 2: The normalized cumulants of order q = 4 and 5 as a function ofM1/D, whereM
is the number of bins of the D-dimensional subspaces of the phase space of rapidity, az-
imuthal angle, and logarithm of transverse momentum, in comparison with the predictions
of the Weibull, negative binomial (NB) and modified negative binomial (MNB) multiplic-
ity parametrizations. The data are taken from [15]. The NB and MNB predictions are as
in [14].
The NB predictions [28] use the measurements of the normalized factorial moments
or cumulants of the second order to compute the NB k-parameter, F2 − 1 = K2 = 1/k,
and then the factorial moments and cumulants of order q ≥ 3 are calculated according to
the relations
Fq =
(
1 +
q − 1
k
)
Fq−1
and
Kq = (q − 1)! k
1−q . (3)
From the comparison of the NB calculations with the data one can see that the cal-
culations underestimate the measurements. Moreover, while the calculated Fq moments
deviate from the data starting from quite large Ms (see Fig. 1), the cumulants clearly
show the discrepancy already at small M-values (large bin sizes), see Fig. 2. The latter
confirms that the genuine higher-order correlations are present in the data while con-
tributing to the dynamical fluctuations along with the lower order correlations, which
have been extracted by the cumulants in [15].
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The MNB regularity leads to the following identities for the cumulants [18]:
K2 = K
−
2 +
1
2 k (r −∆)
, K3 = K
−
3 +
K−2
2 k (r −∆)
, etc.,
with
K−q = (q − 1)! k
1−q r
q −∆q
(r −∆)q
,
where the superscript minus indicates cumulants for the negatively charged particles, and
r = ∆ + 〈n〉/k. The MNB regularity reduces to the NB law if ∆ = 0, c.f. Eq. (3). The
factorial moments for the MNB regularity are calculated using the relations (2).
The MNB calculations are made based on the third order cumulants in the sense that
the parameters r and ∆ have been fixed at the values r = 0.91 and ∆ = −0.71, the
best values found to describe at least the third-order cumulants [14]. Then the bin-size
dependence is regulated by the only left parameter k, extracted from K2 values. From
the results of the MNB-based calculations, shown in Figs. 1 and 2, one concludes that the
calculations are much closer to the data than those made with the NB regularity. However,
even so, the MNB values underestimate the data for large Ms (small bins), especially in
two and three dimensions which points to the high-order genuine correlations not been
large enough in the model.
The values of the normalized factorial moments based on the Weibull distributions,
Eqs.(1), are shown in Fig. 1. The corresponding cumulants, shown in Fig. 2, are calcu-
lated using the relations (2). The parameters k and λ are estimated using the measure-
ments of the second and third-order factorial moments.
From Fig. 1 one can see that the Weibull regularity describes well the measured
factorial moments in one dimension of rapidity and in three dimensions, though one
might notice discrepancy for the largest M for q = 5 in the y subspace. The description
is good as well in the two-dimensional y × Φ subspace except a few extreme M points
for q = 5, where the calculations give weaker fluctuations than those observed in the
data. One can also see that the Weibull distribution gives much better description of the
measurements compared to the NB and MNB distributions. Similarly, a good description
is observed for the cumulants, as shown in Fig. 2. From these, one concludes that the
Weibull regularity well reproduces not only the intermittency effect, i.e. the dynamical
fluctuations combining genuine correlations of different order, but also the genuine high-
order correlations.
4 Summary and conclusions
The Weibull distribution is used to describe the dynamical fluctuations and genuine
high-order correlations of hadrons in restricted bins of the kinematic phase-space of e+e−
annihilation. The study exploits the high-statistics data of multidimensional normalized
factorial moments and cumulants of charged particles measured by OPAL in e+e− → Z0
hadronic decays. The Weibull parametrization, which earlier has been shown to well
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describe the multiplicity distribution in the wide range of the energy, is now found to well
reproduce the measurements of multiplicity fluctuations and correlations in restricted bins
of the phase space of rapidity, azimuthal angle and transverse momentum. The Weibull
regularity is shown to provide much better description of the data compared to that given
by other popular regularities such as the negative binomial and modified negative binomial
distributions which mostly underestimate the data. This study further establishes that
the Weibull distribution, which is found to be the first statistical model reproducing
simulaneously the multiplicity distribution data and the data on the genuine multiparticle
correlations, looks to be the optimal distribution to describe the multiparticle production
process. The obtained results of the the Weibull calculations to successfully describe the
crucial characteristics of the multihadron production such as genuine correlations, makes
it of high interest to be applied to the measurements at LHC, where the Weibull model has
already been shown to reproduce the multiplicity distributions in the full phase-space and
in the central rapidity intervals. This is believed to cast new light on the hadroproduction
process and to help to elucidate the predictions for the foreseen measurements at LHC,
FCC and linear colliders.
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